In view of multi-phase batch processes with interval time-varying delay, uncertainties, unknown disturbances, partial actuator failures and input and output constrains in real-world industrial production, a robust predictive fault-tolerant control (RPFTC) method is proposed in this paper. First, a multiphase batch process considering the above process dynamics is described by a switching model that consists of different dimensional sub-systems. Then the switching model is transformed into the extended switching state space model by the introduction of output tracking error. On basis of this extended model, a robust predictive fault-tolerant control law is designed to improve the control performance and to obtain more degrees of freedom of the adjustment for the controller. Second, by the utilization of Lyapunov function theory, switching system theory and average dwell time approach, the sufficient conditions in terms of linear matrix inequality (LMI) constraints and minimum running time at each phase are given to make the corresponding discrete-time switching closed-loop system robustly exponential stable and the running time of each phase shortest. At the same time, the optimal cost function and H-infinity performance index are considered in the derivation of stable conditions, which can obtain the optimized control performance and suppress the unknown disturbances. Finally, the gain of the control law and the minimum running time of each phase are calculated by solving these LMIs. Taking the injection molding process as a simulation object, the control results verify the effectiveness and feasibility of the proposal.
I. INTRODUCTION
In order to obtain the low-volume and high-value products, researches of batch process control have attracted more and more interest from domestic and foreign scholars. Although the early researches started in 1930s, abundant achievements with respect to the control methods and applications have only been gained until the recent decade, driven by the rising demands from the manufacturing industry [1] .
In order to achieve the goal of manufacturing the products with high quality and high yield, batch processes are usually subject to a number of constrains that may cause failures of The associate editor coordinating the review of this manuscript and approving it for publication was Hao Shen. system. In practice, there are many failures such as actuator failure, sensor failure and interval failure of system. If the proper measures are not made to deal with these failures, it will influence the control quality of system and even bring about irretrievable accident. From the control perspective, the related studies of batch processes are thus very important to deal with the failures within the admissible range. As a good way of ensuring the system to be reliable and stable, fault-tolerant control (FTC) has aroused wide concern [2]- [5] . Due to the complex characteristic of batch processes, the relevant studies and technologies hadn't appeared until Wang et al. [6] proposed an iterative learning FTC method in 2006. Since then, some results about fault diagnosis and control were proposed for batch processes with failures [7] - [11] .
Besides the failures, the time-delay is the other factor to influence the stability and control performance of system [12] . As a result, the analysis and synthesis for batch processes with failures and time-delay are very complex and difficult. There are limited results for such problems, which mainly focuses on the analysis of stability and robustness and design of control method. For batch processes with state delay and actuator failure, Wang et al. [13] proposed a twodimensional robust iterative learning FTC method based on Fornasini-Marchsini model. On this basis, Wang et al. [14] proposed iterative learning fault-tolerant guaranteed cost control method. Different from the previous study, the uncertainties and a cost function are considered in the design of control system. Based on the repetitive process nature and the generalized Kalman-Yakubovich-Popov lemma, Tao et al. [15] developed a fault-tolerant iterative learning controller for a class of differential time-delay batch processes with actuator faults. Wang et al. [16] proposed a 2D fuzzy composite iterative learning FTC strategy based on T-S fuzzy model for the nonlinear batch processes with time-varying delays. From the aforementioned references [13] - [16] , we can indeed find that iterative learning control (ILC) is very effective due to the repetitive setting of process. But a great number of batch processes are slowly time-varying with non-repetitive characteristic and unknown disturbances. The control effect may not be realized by previous batch information. It will thus lead to the reduction of the control performance of system. Moreover, the above researches only focus on the single-phase processes. However, most of batch processes have multi-phase characteristics in the real-world industrial production. Rare results [17] - [20] were proposed to solve the control issues of multi-phase batch processes.
MPC is an alternative method to improve the control performance of system and regarded as the only advanced control method which has made a significant impact on industrial control engineering [21] - [23] . Therefore, it is a hot topic to study MPC for the batch processes with failures in order to obtain the expected product quality and few results [24] - [28] have been presented until now. To our best knowledge, there is no result using MPC method for multi-phase batch processes with failures and time delay.
Therefore, a robust predictive fault-tolerant control method is proposed for multi-phase batch processes with interval time-varying delay, uncertainties, unknown disturbances, partial actuator failure, input and output constrains. The following advantages of this work are summarized.
(1) The extended switching state space model including state variables and output tracking error are constructed to describe a class of multi-phase batch processes with interval time-varying delay, partial actuator failures and other problems. The robust predictive FTC law based on this model is then designed to improve the tracking and convergence performance of system and to enhance the capability of adjustment for the designed controller.
(2) Making full use of the information of the lower and upper bounds of the time delay, the Lyapunov-Krasovskii function candidate without some redundant free-weighting matrices is constructed. The delayrange-dependent stable condition is derived by making its increment value less than zero, which can avert the bounding and model transformation techniques for cross terms using differential inequality. (3) Different from the traditional average dwell time method, the mode-dependent average dwell time method is used to obtain the minimum running time of each phase, which can decrease the conservativeness of design and reduce the unnecessary consumption of raw material and energy. (4) The optimal cost function and H-infinity performance index are introduced into the derivation of stable conditions to improve the robust performance of system and the ability of disturbance rejection. The paper is organized as follows: A problem formulation is presented in Section 2. Section 3 details the design of multiphase switching control method. Section 4 shows a case study in an injection molding process. Conclusions are summarized in Section 5.
II. PROCESS FORMULATION
A multi-phase batch process, such as injection molding, can be described by the following model with interval timevarying delays, uncertainties and unknown disturbances.
where x(k) ∈ R n x , u(k) ∈ R n u , y(k) ∈ R n y are the state, input and output at the discrete-time k. d(k) denotes the timevarying delay depending on discrete-time k which satisfies
where d M and d m are the upper and down bounds of delay, respectively. For multi-phase batch processes, υ(k) : R + → p := {1, 2, · · · , P} is the switching signal that may be related to the discrete-time or state of system. P is the switching order for a batch process. υ(k) = p denotes the pth phase at each batch. For the pth sub-system, 
For many real-world industrial processes, in order to achieve safe production and improve the economic benefit, the input and output variables of system often operate at the range of the constraints as follows. In addition, because of long-time work and frequent operation of the production facility, the actuator faults are unavoidable. Hence, the actuator cannot be operated at its correct calculative value u p (k). In general, there are three actuator faults including partial failure (α p > 0), complete failure (α p = 0) and stuck failure (α p = u p α ), which can be represented by different α p value. For the last two failures, the system is no longer able to be manipulated. The appropriate way has to be implemented to deal with such failures. Therefore, the case α p > 0 is studied and this kind of failure is:
where u p (k) is the control input that is the calculated value of controller, u pF (k) is a practical actuated value of the actuator under the partial failure, and α p ≤ 1 and α p ≥ 1 are known scalars.
To represent the range of fault, the following definition is introduced.
Through Eqs. (6)- (8) , it can see that there exists unknown matrix α p 0 such that α p
with
Based on the aforementioned description about partial actuator failure, a batch process in pth phase is represented as:
Due to the multi-phase characteristic in batch processes, the switching from one phase to another phase is inevitable. For different phase in a batch process, the dimensions of their model may be different. However, the states between the two adjacent phases may be related by some proper variable. Taking the injection molding process as the example, the pressure of mold cavity is a key variable to associate the states in the injection phase and packing-holding phase. Hence, the states of the adjacent phases can be converted by the following form.
where p ∈ R n p+1
x ×n p x is the state-transition matrix. If there has the same dimensions for the states of the neighboring phases, the state-transition matrix is equal to unit matrix.
As promised earlier, the switching signal υ(k) is related to state of system, which can be expressed as the following form.
where M υ(k)+1 (x(k)) < 0 refers to the switching condition. Once this condition is met, the switching from one phase to another phase will occur. In general, the switching time is driving factor to decide the product quality and product revenue. On the basis of the known system state, the time T p may be obtained by the following form as one of the condition.
where T p refers to the switching time or step at the pth phase of each batch. The switching time sequence of all phase at each batch is defined as: = (T 1 , υ(T 1 )), (T 2 , υ(T 2 )), · · · , (T P , υ(T P )) , and the time interval in two adjacent phases must satisfy the condition as: T p − T p−1 ≥ τ p , in whichτ p is the dwell time of different phase at each batch and its value depends on the Lyapunov function.
Remark 1: Once the switch of system occurs, it may affect the performance and stability of system. Thus, a suitable switching method must be studied to guarantee the system to be robustly stabilizable and to be optimized performance. Different from the previous strategy, in the following design of controller, the mode-dependent average dwell time approach is applied to compute the running time in each phase of a batch process.
III. DESIGN OF MULTI-PHASE SWITCHING CONTROL METHOD A. NOVEL EXTENDED MODEL
By multiplying Eq. (4) with differential operator = 1−q −1 on the left and right side, the incremental state space model of the pth phase at each batch can be obtained as follows.
including the internal disturbance caused by the uncertainties and external unknown disturbance. By defining the output tracking error as e p (k) = y p (k) − r p (k), the following formula is drawn:
Thus, the following novel extended model can be built by introducing the output tracking error to Eq. (14) .
As describe before, due to the relation at the two neighboring phases, the states at the switching time can be expressed as follows.
Form Eq. (16), we can see that the incremental state variables and the output tracking error are integrated to design the following control law, which not only ensures the convergence and tracking performance but also offers more degrees. The control law is:
where K p is the gain of the control law that is determined by the sequent theorem or corollary. Based on Eq. (18), Eq. (16) can be further converted into the following formula.
B. MAIN DEFINITIONS AND LEMMAS
The control aim is to design and develop a robust predictive fault-tolerant controller to ensure the closed-loop system (19) under the partial actuator faults to be robustly stabilizable, and to have the optimized performance and H ∞ performance simultaneously. Firstly, the definitions and lemmas are provided as follows. Definition 1 (Robust MPC Problem): Given the discretetime system (19) with uncertainties, and state measurement at discrete-time k, x(k), the robust MPC problem is feasible if the following optimization problem 
holds, τ p is named as the mode-dependent average dwell time.
Definition 3: For any discrete-time system with w p (k) = 0, define
it will guarantee the discrete-time system (19) to be exponentially stabilizable under the switching signal υ(k).
Definition 4: Given a scalar γ p > 0, the discrete-time system (19) is considered to have robust H ∞ performance γ p if it is asymptotically stable for the zero initial condition and any unknown bounded disturbances w p (k), and the system output z p (k) satisfies z p ≤ γ p w p . Lemma 1 (Schur Complements Lemma [29] ): Let W , L and V be matrices of appropriate dimensions in which W , V are real matrices, then for
Lemma 2 [30] : For any vector δ(k) ∈ R n , two positive integers κ 0 , κ 1 , and matrix 0 < R ∈ R n×n , the following inequality holds
Lemma 3 [31] : Let D, F, E and M be real matrices of appropriate dimensions with satisfying M = M T , then for all F T F ≤ I ,
if and only if there exists ε > 0 such that
Lemma 4: For the pth phase, it will ensure the subsystem to be asymptotically stable, if the Lyapunov function V p (x 1 (k)) can be found and satisfy the following conditions:
C. MAIN THEOREM AND COROLLARY
The main idea of this paper is to design the robust faulttolerant control law u p (k), i.e. to calculate K p at the pth phase of each a batch in order to make the system (19) asymptotically stable. Theorem 1 gives the delay-range-dependent sufficient conditions that guarantee the discrete-time closedloop system (19) to be robustly stabilizable and to be a H ∞ performance less than γ p together with the optimal performance under interval time-varying delay, uncertainties, unknown disturbances and partial actuator failure, input and output constrains. Moreover, Corollary 1 gives the sufficient condition to ensure the stability of system if the time-varying delay reduces to constant delay. 
then for the asymptotic stability of the system (19) at any switching signal, the following formula must be met to obtain 
Proof: Firstly, the asymptotic stability and the optimal performance of the uncertain discrete-time closed system (19) with w(k) = 0 are proved. The following robustly stable constraint condition must be satisfied:
Accumulating left and right sides of Eq. (34) from i = 0 to ∞ and requiring that V (x 1 (∞)) = 0 or x 1 (∞) = 0, the following expression can be obtained.
where θ p is the upper bound of J p ∞ (k). The selection of Lyapunov-Krasovskii function candidate is represented as follows.
where, to simplify, define 
By multiplying Eq. (37) with differential operator , the following expression is designed.
It can obtain the following expression through the utilization of the Lemma 2.
From Eq. (34), it can be known as follows.
is the optimal performance index. Synthesizing Eqs. (36)-(40), the following expression can be obtained.
Using the Lemma 1, the following LMI condition by letting Secondly, the following H ∞ performance is introduced for the system (19) with zero initial condition and w(k) = 0.
Then, for any w p (k) ∈ l 2 [0, ∞] with nonzero, it has V p (x p 1 (0)) = 0, V p (x p 1 (∞)) ≥ 0, J p ∞ > 0. As a result, the following inequation holds.
. Based on Eq. (41), the following expression is presented in (47), as shown at the top of the next page.
Using the sufficient condition (27) , it has (48), as shown at the top of the next page.
Hence, J p ≤ 0, i.e. the H ∞ performance index z p ≤ γ p w p is ensured.
Moreover, to get the invariant set of the system (19) , taking the maximum value of 
At the switching moment and based on condition (32), it has
Then
Based on condition (33), we can known
Thanks to 0 < ∂ p < 1, leading to ln ∂ p < 0, it has
Based on Eq. (55), it is obvious that Proof: Choose the following Lyapunov function candidate
pressure will occur in the filling phase and packing-holding phase. It means that the injection molding process leaves filling phase into packing-holding phase. Then the system enters cooling phase, in which the molten material in the cavity is forward transported by the rotary screw rod. As the continuous increasing of the melt in the head of screw rod, the pressure in cavity rises continuously and then screw rod is moved backward to the preset location. At this moment, the screw rod stops rotating and the plasticizing process finishes as shown in figure 2(c). Next, the polymer in cavity cools continuously until it is fully solidified and then the product is ejected as shown in figure 2(d) , which are cooling and mold open phase. The above process is a complete process of injection molding.
B. PROCESS MODEL
Through the repetitive step test, the model of the injection velocity (IV) corresponding to valve opening (VO) can be identified in filling phase as
and the model of the nozzle pressure (NP) corresponding to IV is
Similarly, in the pressure-maintaining phase, the NP responding to the VO is
Define, x 1 (k), u 1 (k), x 2 (k), and u 2 (k), as shown at the top of this page. The state space model can be obtained as follows.
where , C 2 = 1 0 , p = 1 refers to the filling phase and p = 2 refers to the packing phase. The switching condition for the two phases is:
Considering the injection molding process with interval time-varying delay, uncertainties, unknown disturbances and partial actuator failure, Eq. (68) is re-written as: 
The expected set-points are:
To evaluate the tracking performance of system, the following form is introduced. selected, respectively. By using the Theorem 1, the minimum running time for the filling phase and packing-holding phase at each batch is τ 1 = 88, τ 2 = 89, respectively. Obviously, the minimum running time for the two phases can be easily obtained using the proposal, which differs from the previous approach to set or assume it. Three groups of different random-varying fault values are studied to test the control performance of the proposed method. The three cases are as follows.
D(k) =
Case1: α p = 0.8 + 0.1 11 Case2: α p = 0.8 + 0.2 11 Case3: α p = 0.8 + 0.4 11 where 11 is a random number within −1 1 . The control results are shown in Figs. 3-6. Figure 3 shows the tracking performance of system in different random-varying fault. It can be vividly seen from the figure, as the range of the random-varying fault becomes larger, the tracking performance of the system deteriorates. But the fast convergent speed can be found by the proposal. Noted that the tracking error cannot converge to zero because of the effect of the uncertainties and disturbances. Figure 4 (a)-6(a) show the output response of the filling phase and packing-holding phase in different random-varying fault. According to these figures, it is also clearly seen that, as the range of the random-varying fault becomes larger, the control performance of the proposal deteriorates. But the quick output response to the expected set-point can be found through the proposed method. In addition, the switching between the two phases can be apparently seen. The effect of switching is directly influenced by the size of the fault. The smaller the fault, the smoother the switching between the filling phase and packing-holding phase. Figure 4 (b)-6(b) show the effect of the corresponding response of the control inputs in different random-varying fault. It can be seen that the larger the fault, the stronger the amplitude of the adjustment. But the proposal can calculate the corresponding control law to make the output track the expected set-point. Furthermore, the factors with respect to the uncertainties, unknown disturbance and actuator faults to influence the control performance can be eliminated by the change of the control input. Becoming smoother near the switching point is an alternative advantage.
At the same time, from the figure 4-6, we can see that the output and input of system keep under the prescribed conditions of constraints.
V. CONCLUSION
The paper reported a robust predictive fault-tolerant control method for a class of multi-phase batch processes with interval time-varying delay, uncertainties, unknown disturbances, partial actuator failures and input and output constrains. The sufficient conditions combined with performance index and the optimized cost function in terms of LMI constraints are given to guarantee the exponential stability of system and the minimum running time of each phase. Simulation results on an injection molding process demonstrate that the proposed method has better capabilities of tracking and anti-disturbance under the admissible actuator faults and time-varying delay.
